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Abstract 

In non relativistic physics it is assumed that both chronological 
ordering and causal ordering of events (telling whether there exists a 
causal relationship between two events or not) are absolute, observer 
independent properties. In relativistic physics on the other hand 
chronological ordering depends on the observer who assigns space-time 
coordinates to physical events and only causal ordering is regarded as 
an observer independent property. In this paper it is shown that quan- 
tum theory can be considered as a physical theory in which causal (as 
well as chronological) ordering of probabilistic events happening in 
experiments may be regarded as an observer dependent property. 

1 Introduction 

The most notable attempts in formulating a theory that unifies quantum 
theory and general relativity are String Theory and Loop Quantum Grav- 
ity [U 12]. The lack of experiments that could verify or falsify any of the 
predictions of the two theories leaves physicists with the consciousness that 
something is missing in our current understanding of nature at the fundamen- 
tal level. Despite the formulation of both theories mentioned above depart 
from very reasonable starting points, they remain naive about giving a foun- 
dational principle to explain the mathematical formalism of quantum theory. 
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This means that they retain superposition principle, non-locality and all the 
counterintuitive features manifested by quantum theory as natural facts and 
do not try to give a motivation for them. This attitude is perhaps justified by 
the fact that quantum theory is extremely successful in making predictions. 
Until now, no experimental situation has been found in which the predictions 
of quantum theory are not satisfied. Such an extraordinary predicting power 
has led many physicists to think that it is not necessary to have a physical 
intuition of what is going on at atomic and subatomic scales, it is sufficient 
to have a model that can predict whatever can occur in an experiment. This 
pragmatic attitude would be the right one if theoretical physics accomodated 
all phenomena experienced in nature in a unique and coherent model. De- 
spite the many successes of the Standard Model and the potentiality of string 
theory and loop quantum gravity, there is large consensus among physicists 
that we are far away to have such a unified picture. This has recently led 
physicists to turn the attention back to the problem of foundations quan- 
tum theory with a new slant given by the emergence of quantum information 
[21 lU El El El E]- In this paper it is analyzed the mathematical struc- 
ture of quantum theory (as used in the filed of quantum information) from 
a novel point of view enlighting the interplay between quantum features and 
causal structure of space-time events. In quantum theory events correspond 
to probabilistic outcomes and the only predictable and verifiable statements 
regard correlations between outcomes happening on different devices located 
in distinct regions of space. Since these outcomes are also thought to be 
events happening in space-time, it is always assumed an absolute causal or- 
dering for them. A set of physical events £ , like those that can happen in 
a quantum experiment, possesses a causal ordering if, for these events, it is 
defined a causal structure. This means that for any pair of events, Xa, Xb £ £, 
one of the following must hold: 

• Xa causes Xb 

• Xb causes Xa 

• Xa does not cause Xb and Xb does not cause Xa (they are space-like 
events) 

For example, Xa could be a preparation contained in a preparations ensemble 
for a quantum system of a certain type while Xb could be an outcome of a 
measurement caused by that preparation. In this case Xa causes Xb- Xa and 
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Xb could also be two outcomes obtained respectively in two measurements 
performed in parallel on a bipartite state of a composite system. In this 
case Xa and Xb are indeed two space-like separated events. The main result 
of this paper is that, in quantum theory, any experimental situation of the 
former type mentioned above can be considered as equivalent to a situation 
of the latter type. This equivalence is such that the two experiments can be 
interpreted as the same experiment viewed by two different observers that 
makes two different assumptions regarding the causal ordering of events hap- 
pening in the experiment. To prove this it is shown in section [3] that, in a 
generic quantum experiment involving two sets of random outcomes happen- 
ing on distinct devices, the mathematical expression of the joint probability 
of any two outcomes calculated by one observer, can be mapped, by means 
of a simple transformation rule, into the expression for the joint probabil- 
ity of the same two outcomes calculated by another observer that assumes 
a different causal ordering of events with respect to the first. After hav- 
ing generalized this concept to experiments involving more sets of random 
outcomes we are led to introduce a new physical principle, the "Principle 
of Relativity of Causal Structure" , and to put it as a foundational principle 
for quantum theory. From this principle we understand that a possible way 
to move towards a theory of quantum gravity is to retain causal structure 
of physical events as an observer dependent property. Here we take a first 
step in this direction comparing the idea that causal structure is an observer 
dependent property with the role causal structure plays in general relativity 
(see section H]). It is argued that the situation in general relativity theory is 
somewhat opposite to the one outlined in quantum theory. If, in quantum 
theory, causal ordering of probabilistic events can be regarded as an observer 
dependent property, this clearly cannot hold in general relativity. In general 
relativity, the causal ordering of two events is represented by the value of the 
metric function evaluated at the two space-time points representing those 
events. Einstein's equations relate the metric function to the stress-energy 
tensor representing energy density in the portion of universe including the 
two events. This implies that, in general relativity, whether it exists a causal 
influence between two events or not, ultimately depends on energy density 
that is an objective, physically measureable quantity and hence cannot be 
regarded as an observer dependent property. Elevating the principle of rel- 
ativity of causal structure to universal principle finally leads us to consider 
dark energy not as a conceptual problem but as an essential ingredient of our 
current understanding of the universe (see section [5]). 
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This research is important for two reasons. The first is that it gives a new 
foundational principle to motivate the mathematical structure of quantum 
theory. The second is that, in doing this, it is possible to argue that one of 
the most puzzling features of modern theoretical physics, dark energy, could 
be explained elevating the above foundational principle for quantum theory 
to a universal principle. Clearly this would imply that Einstein's theory of 
general relativity should be definitely abandoned and should be elaborated 
a deeper theory of the cosmos to explain observational data. 

2 Space-time and causal structure 

A space-time is, roughly speaking, a mathematical representation of physical 
events. For any set of physical events £, given two events p,q G £ one of the 
three mutually exclusive alternatives must hold: 

• p is the cause of q 

• q is the cause of p 

• p is not the cause of q and viceversa. 

Specifying one of the three alternatives for every pair of events leads to 
define the causal structure of the set £. The first of the above alternatives 
means that q is in the future of p, the second means that p is in the future 
of q while the third means that it is impossible for a physical system to be 
present in correspondence with both events p and q (i.e. p and q are causally 
independent). 

In non relativistic (or newtonian) space-time, given an event p for all other 
events q it must hold one of the following alternatives: (i) q is in the future of 
p\ (ii) q in the past of p (iii) q happens at the same time of (is simultaneous 
with) p. Regarding this latter case, the events simultaneous with p constitute 
points of a three dimensional euclidean space. This distinction comes from 
the fact that, in non relativistic space-time, the chronological ordering of 
events is the same as their causal ordering. If p and q are one the cause of 
the other then necessarily one must happen before the other while if p and 
q are causally independent then they must necessarily happen at the same 
time. 

In relativistic space-time the latter fact above mentioned does not hold 
anymore. In particular, two causally independent events can be simultaneous 
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for some observers and have a different chronological ordering for another 
observer. From this fact the set of events q G S that constitutes the past 
and future of p are represented respectively as points of a four dimensional 
cone while the set of events that are not in past nor in the future of p are 
represented by points outside those two cones embedded in euclidean four 
dimensional space. 

Both in non relativistic and relativistic physics, two different observers 
can in principle assign different coordinates to a physical event p because 
they move relatively to one another. In newtonian space-time if observer O 
labels p with coordinates (t, x, y, z) and O' moves with velocity v in the x 
direction passing Oatt = x = y = then the coordinate labels assigned 
to p by O' are t' — t, x' — x — vt, y' — y,z' = z. In special relativity, i.e. 
if v is sufficiently close to the speed of light c, those relations become t' = 
(t - vx/c 2 )/(l - v 2 /c 2 f/ 2 ),x' = (x - vt)/(l - v 2 /c 2 f/ 2 ),y' = y,z' = z. Since 
two different observers looking at the same physical process must describe the 
same physics independently of their state of motion relative to one another, 
it is clear that the above transformations of coordinates leave unaffected any 
significant physical property. This implies that coordinate labels do not have 
any intrinsic physical significance since they only depend on which observer 
labels physical events. 

The causal structure of any set of events £ is incorporated in any space- 
time that can be used to represent those events. Moreover, it constitutes an 
absolute, observer independent property, contrary to the space-time coordi- 
nates assigned to them. For this reason, in both newtonian and relativistic 
space-time there exist specific functions of the coordinates of any two points p 
and q, that remain unchanged in changing point of view from one observer to 
another. In newtonian physics this function is the time interval A t = t p — t q . 
In special relativity this function is M = —(At) 2 + l/c 2 [(Ax) 2 + (Ay) 2 + 
(Az) 2 )}. In general relativity this function is represented by the metric ten- 
sor associated to a manifold representing a solution of Einstein's equations. 
The value of these functions evaluated at every pair of points (p, q) encodes 
the causal structure of events. 

We can thus say that both newtonian and relativistic space-time are dif- 
ferent mathematical ways to model a set of events with an absolutely (i.e. 
independently of observers) defined causal structure. 

Outcomes happening on devices in quantum experiments are supposed 
to be events in space-time. From this fact they possess a definite, observer 
independent causal structure. In the next section we are going to show that, 
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although an absolute causal structure of events is a background assumption in 
the usual formulation of quantum theory, the quantum formalism permits to 
compute correlations for events happening in experiments in such a way that 
their causal structure can be regarded as an observer dependent property. 

3 Causal structure in quantum theory 

In what follows we are going to show that causal structure in quantum theory 
may be regarded as an observer dependent property rather than fixed in an 
absolute way. We will do this first considering a specific situation from 
quantum optics and then generalizing it. Based on this result, we will then 
state two principles, one of which is called relativity of causal structure, that 
can be posed as foundational principles for quantum theory. 

Consider the quantum experiment involving polarized photons shown in 
figure 1. 



b r b t 




a r at 



Figure 1 

We have two polarizers Pa and Pb, the former aligned at an angle a and 
the latter aligned at an angle (3. A photon passes first through Pa is reflected 
by a mirror and then passes through Pb- For the experiment to take place 
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the photon must either be transmitted or be reflected by polarizer Pa- Hence 
associated to Pa we have two possible mutually exclusive outcomes that we 
indicate {a r ,a t }. After the mirror reflection the photon enters Pb and then 
is absorbed by some photon counter. In order to be counted the photon must 
either be transmitted or be reflected by P B . Hence also associated to Pb we 
have two mutually exclusive outcomes that we call {b r , b t }. The information 
contained in the experiment is represented by the joint probability distribu- 
tion p(ai, bj) with (cij, bj) G {a r , a t } x {b r , bt}. The arrows linking the various 
devices represent the path followed by the photon. In particular the arrow 
pointing out of Pa means that the photon is an output system for polarizer 
Pa- The arrow pointing inside Pb means that the photon is an input sys- 
tem for Pb- The lightcone and the arrow of time are drawn to remark that 
two events associated to any pair of outcomes (aj, bj) are one the cause of 
the other. Indeed there is a physical system, i.e. the photon, that carries 
the information regarding the probability distribution {p(cLi)}a t e{a r ,a t } from 
P A to P B - This means that if the probability distribution {p(oj)}a;e{a r ,at} 
changes and becomes {q(cLi)} ai e{a r ,a t } then also the probability distribution 
e{br,M changes. The above discussion implies that any pair of out- 
comes (a>i,bj) is such that Oj causes bj and the correlations between the sets 
of random outcomes {a,;} and {bj} are due to a causal influence. 
Consider now the experiment shown in figure 2. 




Figure 2 
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We have the same polarizers Pa and Pb involved in the previous exper- 
iment and for simplicity we assumed they are aligned in the same direction 
as before. Two photons in an entangled state of zero total angular momen- 
tum start from a source of entangled photons, M' , and reach independently 
Pa and P B respectively. After they have passed the polarizers they are ab- 
sorbed by two photon counters placed after Pa and Pb respectively. For the 
experiment to take place, both the photons must be either transmitted or 
reflected by the respective polarizers before being detected. Hence also in 
this case, associated to both Pa and Pb, there are two sets mutually exclu- 
sive outcomes {a r , a t } and {b r , b t } and these represent the same outcomes as 
in the previous experiment. The joint probability distribution p(a i; bj) with 
(di,bj) G {a r ,a t } x {b r ,b t } contains the information about the experiment. 
In figure 2 there are two arrows pointing inside polarizers Pa and Pb respec- 
tively. Also in this case are drawn the lightcone and the arrow of time to help 
visualizing that any pair of outcomes (cii,bj) G {a r ,a t } x {b r ,b t } represents 
two space-like events. 

The two experiments described above seem very different. The latter 
involves, for each repetition of the experiment, a pair of entangled photons 
while the former involves a single photon. This difference in their physical 
description is due to the fact that in each run of the experiment, it is assumed 
in one case that the pair of outcomes (a*, bj) are one the cause of the other 
(the casual relationship being represented by a photon travelling from Pa 
to Pb) and in the other case that they are two space-like events (since they 
are due to two causally independent systems). We can thus say that the 
main difference in the two above experiments relies on how, each run of 
the experiment, the outcomes (ai,bj) G {aj}j= r ,t x {bj}j= r ,t are embedded in 
space-time. The setup in figure 1 involves three devices, the two polarizers 
Pa and P B and a mirror M. The experiment in figure 2 also involves three 
devices, two of them are the same polarizers as before while the third device, 
M' is a source of entangled photons. For the experiment in figure 1 the photon 
is an output system for Pa, it is an input and an output for M while it is 
an input system for Pb- For the experiment in figure 2 the photons involved 
may be regarded as two outputs for M' and as two input systems for Pa 
and Pb respectively. Hence the difference between the two experiments is 
that a photon is seen as an output system for Pa (and in consequence as 
an input for M) in the experiment of figure 1 while it is seen as an input 
system for Pa (and in consequence as an output for M') in the experiment 
of figure 2. From the above discussion we can say that the existence of a 
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causal relationship between the region where lies Pa (where happen outcomes 
{a r ,a t }) and the region where lies Pb (where happen {b r ,b t }) is equivalent 
to assign a specific input/output structure for the devices involved in the 
experiment. We can thus say that the input/output structure of the devices 
involved in the experiment is equivalent to the causal structure assigned to 
the outcomes associated to those devices. 

In both the situations described above it is assumed a definite causal 
structure between the region of space where lies Pa and that where lies 
Pb- This means that it is assumed in an absolute way either that between 
region Pa and region Pb there exists a causal relationship or that regions 
Pa and P B are space-like separated. On the other hand, every experiment 
in quantum theory is intrinsically probabilistic and whatever an observer 
might experience reduces to correlations between outcomes happening on 
two devices in distinct regions. This observation suggests that a definite 
causal structure between region Pa and region Pb could not be significant in 
predicting joint probabilities for events happening in these two regions. Since 
correlations between events is the only observable and physically predictable 
property in quantum theory, it could be the case that the two experiments 
described in figure 1 and 2 are simply a different way to describe the same 
experiment. Indeed they both define a joint probability distribution between 
the values of the same pair of observables (polarizations along a and j3), they 
refer to the same type of system (the photon) and differ only because in the 
former it is assumed a causal relationship between regions Pa and Pb while 
in the latter it is assumed that regions Pa and Pb are space-like separated. 
In what follows we will show that the mathematical formalism of quantum 
theory is consistent with the above suggestion. 

Suppose that an experimenter sets up one of the two experiments illus- 
trated above, say the one in figure 1 for definiteness. Two observers look 
at this experiment without knowing the nature of device M and the actual 
input/output structure between the devices. The observers experience the 
correlations between the set of outcomes {a r , a t } associated to Pa and the 
set {b r , b t } associated to Pb- To one observer it is said that M is a mirror 
and that the setup is actually the one in figure 1. To the other observer 
it is indeed said that M constitutes a source of maximally entangled pho- 
tons and that the setup corresponds to the one in figure 2. We will call 
the former observer 0\ and the latter observer O2. Comparing figure 1 and 
2 we can readily understand that 0\ assumes that photons constitute out- 
puts for Pa and inputs for P B while 2 assumes that photons constitute 
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inputs for both Pa and Pb- These two assumptions cannot be verified (or 
falsified) by the two observers experiencing correlations between {a r , a t } and 
{b r , b t }. Hence they can calculate the joint probability distribution {p(a,, bj)} 
with {di,bj) G {a r ,at} x {b r ,b t } on the base of the information they re- 
spectively have regarding causal structure. We will now show that for all 
(cii,bj) G {a r ,a t } x {b r ,b t }, the probability calculations of observers 0\ and 
Oii although apparently different, reduce to the same calculation and give 
rise to the same probability value. According to this we may conclude that 
the two experiments in figures 1,2 are the same experiment seen by two dif- 
ferent observers who assume a different causal structure between the regions 
where are situated polarizer Pa and Pb- 

0\ assumes that the polarizer Pa prepares an ensemble represented by 
p\a r )(a r \ + (1 — p)\a t )(a t \. By now, let us assume p = 1/2 for simplicity. 
The probability of seeing outcome bt in correspondence of Pb given that it is 
prepared a photon in state a r is p(b t \a r ) = |(6 s |a r )| 2 thus the joint probability 
is: 

p(a r ,b t ) = l/2(b t \a r ) 2 (1) 

O2 indeed assumes that M is a source of entangled photons in state 
if> = l/\/2\a r a r ) + \a t a t ). The joint probability of seeing outcomes a r and b t 
calculated by O2 is: 

p(a r ,b t ) = \(a r \ <g> (b t \l/V2(\a r a r ) + \a t a t ))\ 2 (2) 

But the above equation actually reduces to (CQ). Expliciting (|2|) we have: 

p(a r ,b s ) = l/2((a r |a r ) 2 (6 t |a r ) 2 +(a r |a t ) 2 (6 t |a 4 ) 2 + 2(a r .|a r .)(6 t |a r )(a r |a i )(6 t |a t )) 

(3) 

and all terms in fl3]) are zero except the first thus we can write: 

p(a r ,b t ) = l/2(b t \a r ) 2 (4) 

Clearly the above reasoning is true for every pair (a,, bj) G {a r , a t } x {b r , b t }. 
Moreover it is simple to convince ourselves that nothing would change if 
we assumed that the set up prepared by the experimenter at which 0\ and 
O2 both look was that in figure 2 in place of the one in figure 1. This 
simple example shows that the assumptions of 0\ and O2 regarding causal 
structure of regions Pa and Pb are equivalent for the purpose of calculating 
joint probabilities. Whatever an observer of anyone of the above experiments 
can experience are correlations between outcomes in region Pa and outcomes 
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in region Pb, and whatever he can predict are joint probabilities for the 
outcomes in those regions. Hence, the fact that between those two regions 
there exists a causal relationship or not is a property that depends on the 
assumption of an observer and cannot be fixed absolutely for all observers in 
any way. 

Note that the equivalence stated above derives from he fact that is an 
alternative way of writing ([T]). If it were not so then causal structure could 
not be an observer dependent property. Indeed the correlations between 
region Pa and region Pb depend on the probability distribution {p(ai,bj)} 
and if the probability distribution calculated by observer O2 was different 
from that calculated by observer 0\ then one of the observers, O2, would 
predict wrong probabilities and would become aware, after camparing his 
calculations with those of Oi, that correlations are effectively due to a causal 
relationship between Pa and Pb- This implies that the equivalence of the two 
above situations is a consequence of how in quantum theory are performed 
probability calculations for the experiments illustrated in figure 1 and 2. 

The two situations considered above are far from being the most gen- 
eral experiments correlating random outcomes in two regions of space. The 
equivalence of (p]) and ([2]) could infact be a numerical coincidence. In the 
remaining part of this section we will prove that the above property is a 
general feature of quantum theory. We will consider a generic quantum 
experiment in which two devices Da and D b display two sets of random out- 
comes {ai}i £ x and {bj}j e y respectively with X and Y two sets of outcomes. 
The information on such correlations is contained in the joint probability dis- 
tribution {p(cii, bj)}(ij)£XxY- As in the previous example, we suppose that 
two observers 0\ and O2 are looking at the experiment; 0\ assumes that 
correlations between and D b are due to a system causally correlating the 
outcomes in {ai} ieX to those in {bj}j £ y while 2 assumes that and D B 
lie in space-like separated regions. 

Observer 0\ 

0\ assumes that correlations are due to a causal relationship. In this case 
a system 5? carries the information of the probability distribution of one of 
the sets of outcomes, say {a^^x with probability distribution {pi}iex, from 
device Da to device D#. The experiment seen by 0\ is represented in figure 
3. 
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D B = {bj}jeY 




Figure 3 

System S^a is the output system for while S^b is the input system 
for D#. We call them with different names to mantain full generality. Of 
course they could be the same type of system. An outcome a io G {a^^x is a 
preparation belonging to the preparations ensemble {aj} ie x with associated 
probability ditribution {pi}i^x- The ensemble is represented by a density 
matrix p and a POVM {ai}i £ x as follows: 

To achieve as much generality as we can, we will not make any restriction 
on p a part from assuming that it does not represent a pure state since 
otherwise the outcomes on device would not be random anymore con- 
trary to our initial assumptions. The ensemble p causes probabilistically 
an outcome bj G {bj}jeY on device D#. In the most general case, this is 
represented by an element of a POVM {bj}j e Y for system S^ B . The ensem- 
ble represented by p before causing outcome bj will eventually undergo an 
evolution that is generically represented by a Completely Positive Trace Pre- 
serving (CPTP) map 2? . Its Kraus decomposition is J2 m K m ® K m > with 
K m = EefKTf\e)BA(f\ Kraus operator [10] ({|e)}ff 1; {\f)} d f U are orthonor- 
mal basis for hilbert space of S^b an d S^a respectively). We now explicit the 
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evolution of ensemble p by means of transformation The density matrix 
obtained after the evolution is: 

?{p)= £ K™ f K%*\e) BA (f\p\c) AB (d\ (6) 

m,ef,cd 

Using the fact that J2 m K m ® can be written as: 

E K™K™\c) AA (f\®\e) BB (d\ (7) 

m,ef,cd 

and the polar decomposition of p we have: 

^( P ) = Tt a [Y: K%K%*^p\c) AA (f\^p®\e) BB (d\] (8) 

m,ef,cd 

Note that, for the polar decomposition of p to be uniquely defined, one must 
assume p to be full rank in the Hilbert space corresponding to S? A . The 
density matrix obtained after the evolution can thus be written as 3T{p) = 
Tt A [^p) where we define: 

sr P ■= Vp ® ^E(^ m ® ^ mt )] Vp ® ^ (9) 

m 

where I B is the identity matrix on system 5? B . From ((9]) we see that the 
evolution of ensemble p can be represented as an operator acting on Hilbert 
spaces of systems 5? A and <9* B . The probability calcualted by observer 1 is 
then: 

PiK>, b h) = Tr B [b jo Tr A [^ai ]] (10) 

Observer O2 

O2 indeed assumes that correlations are not due to a causal relationship. 
This means that the two sets of outcomes constitute two measurements per- 
formed in parallel on two copies of system 5? . In figure 4 it is represented 
the same experiment of figure 3 as seen by observer 2 assuming that the 
regions in which are situated D A and D B are space- like separated. 
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D B = {bj}jeY 




Da — {di}iex 



Figure 3 

Systems S^a, ^b constitute two causally independent inputs for devices 
Da and D#. The two systems are both outputs of a common source denoted 
as r in the above figure. This can be represented by a bipartite state tab 
that permits the observer to calculate the joint probability p(di ,bj ) for all 
pairs of outcomes as follows: 

P2(a io , b jo ) = Tr AB [a io ' <g> b jo V AB ] (11) 

where a^' and bj ' are elements of the POVMs {a/jigx, {b/}j e Y correspond- 
ing respectively to outcomes Oj , bj . 

Assumptions of observers 0\ and 2 are equivalent 

We are now going to prove the following statement: Given the mathe- 
matical objects used to calculate joint probabilities of the outcomes by Oi, 
there exists a unique choice of mathematical objects that permits O2 to cal- 
culate the same joint probability distribution of outcomes. Before proving 
the above statement we recall the discussion regarding the equivalence be- 
tween input/output structure and causal structure in quantum experiments. 
The only difference between the experiment seen by 0\ and the experiment 
seen by 2 is that system S^a is assumed as an output for by 0\ while is 
assumed as input for Da by 2 . This becomes apparent comparing figure 3 
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with figure 4. Based on this observation, we now give the rule that permits 
to prove the statement done at the beginning of this paragraph. 

Transformation Rule: If a system 5?, with hilbert space riy is 
an input (output) for 0\ and an output (input) for 2 , then the 
operators involving % y used by 0\ are the transposed on % y> of 
those used by 2 . 

From the above rule, if ai represents an element of the preparation ensemble 
p of Ox, sl[ q represents the corresponding measurement outcome for O2. For 
the same reason, the bipartite state tab has the following expression: 

tab = STJ A = ^f ® lB^{K m ® K«*) T *\yff <g> h (12) 

m 

Where Ta denotes partial transposition on hilbert space riy A . First we have 
to prove that (fl~2l) is a normalized bipartite state. This can be seen defining 
the normalized bipartite state on two copies of 5?a, \$)aa'- 

\®)aa> = 4f '®^Eli>A®li>A' (13) 
3 

where {|j)},=i is an orthonormal basis for space l-Ly A - Exploiting ( TT3l) we 
can write: 

s®&{\$)m=T AB (14) 

where is the identity map on % y A and represents the evolution defined 
above. From (114j) we can see that tab is a normalized bipartite state since 
3F is a TPCP map acting on system S^a an d | < ^ ) )( < ^| is a normalized bipartite 
state. The probability Pi(a io ,bj ) expressed in ffTUj) calculated by 0\ is then 
equal to the probability P2(ca , bj ) calculated by O2, namely: 

P2{a io , b jo ) = TrAB[a io T ® b h ^ p T - A ] = pi(a io , b jo ) (15) 

This expression represents the probability for a given pair of outcomes (a io , bj ) G 
{di, bj}(ij)(zxxY to jointly happen. This proves the statement done at the be- 
ginning of this paragraph. 

In conclusion, every experiment in quantum theory is intrinsically proba- 
bilistic and whenever it correlates two sets of random outcomes displayed by 
two devices in two distinct regions of space, an observer can only experience 
correlations between these two sets of outcomes and can only predict their 
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joint probabilities. The causal structure of these two regions, namely wether 
the correlations have a causal origin or not, is always assumed a priori and 
cannot be subject to a physical verification. From this fact it follows that if 
two observers look at one such experiment and for some reason an observer 
assumes that correlations are due to a causal relationship and the other ob- 
server assumes that they are not, they cannot become aware of differences 
between their respective probabilistic predictions and the joint probabilities 
originated by the experiment. 

Generalizing the result obtained in the above section to experiments in- 
volving more than two sets of outcomes presents some subtleties. Consider 
an experiment involving three sets of random outcomes appearing in three 
distinct regions of space, say regions A,B,C, such that the outcomes in A 
cause the outcomes in B and these in turns cause the outcomes in C. Let 
us suppose that the random outcomes happening in A,B,C are {a^}, {bj}, 
{cfc} respectively. A physical system y passing through the three regions 
constitutes the causal influence propagating from A to B and then from B to 
C. From an operational point of view 5^ is the output of region A, the input 
and the output of region B and the input of region C. An outcome in region 
B thus represents a possible evolution of . In quantum theory a system 
evolution is represented by a CPTP map and is a deterministic notion. The 
only way to take into account randomness in region B is thus to consider con- 
vex combinations of CP maps that decrease the trace of states. An observer 
assuming an input/output structure of regions A,B,C modified with respect 
to the one given above, does never arrive to assume A,B,C as three space-like 
separated regions. Conversely, an experiment where A,B,C are three space- 
like separated regions and in which the outcomes in the three regions are 
correlated, is due to a tripartite entangled state. An observer assuming, for 
this experiment, a different input/output structure, can never arrive to as- 
sume that A,B,C are such that outcomes in A cause outcomes in B and that 
these in turns cause outcomes in C. From these examples we see that when 
we take into account three regions of space A, B, C, displaying correlated 
random outcomes, if an observer is able to calculate joint probabilities of the 
outcomes assuming these three regions as space-like separated, there cannot 
exist an observer assuming that oucomes on A cause outcomes on B that in 
turns cause outcomes on C. In order to generalize the result in the previous 
section to experiments involving more than two sets of random outcomes we 
thus simply consider that different observers of the same experiment can in 
principle assume a different input/output structure for the regions involved. 
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Suppose now to have an experiment in which there are three devices, D^, 
D#, Dc in regions A,B,C respectively displaying random correlated outcomes 
and that an observer O2, in order to predict the joint probabilities of the out- 
comes, assumes that A,B,C are three space-like separated regions. Let the 
set of outcomes on the three devices be {aj}j £ x x {bj}j e y x {ck}kez and 
the associated joint probability distribution be bj, c^ij^exxYxz- Let 

t5^4, S^Bi be the systems to which the outcomes on D^, D#, D^, refer 
respectively. O2 assumes that J^a, S^b, are respectively three inputs for 
devices D^, Db and Dc. This is represented in figure 5 




Figure 5 

Another observer, Oi, assumes that systems 5? a an d <5?b are inputs for 
and D B respectively and system S?c is an output for D C - This is represented 
in figure 6. 
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Figure 6 



It is easy to see that this situation is not different from the one analyzed 
in the above sections. 0\ assumes the outcomes on devices D c as represent- 
ing preparations belonging to some preparation ensemble represented by a 
density matrix p: 

-»>W (16) 

Moreover he assumes that outcomes on devices and D# are POVMs 
{ a i}iex {kj}jeY- The ensemble p undergoes an evolution represented by 
a CPTP map ST with Kraus decomposition Yl, m K m ® K m>[ resulting in a 
density matrix 3F{p) having the following expression: 



where 



m,ef,cd 



K? f K™^p\c)cc{f\VP®\e} 



ABAB 



(17) 



(18) 



We see that the only difference between ( TT8|) and dHJ is that one of the hilbert 
spaces considered in (TT8"]) explicitly refers to the composite system S^ab- 
From the transformation rule stated in the previous section, O2 assumes 
that outcomes on devices D^, D# and Dc are respectively represened by 
the POVMs {ai} ie x, {bj} je y, {c k T } fc6 ^ where T denotes transposition. The 
three devices seen by 2 are indeed correlated by a tripartite entangled state 
tabc that, according to the transformation rule of the previous section, is 
written as: 

tabc = srj c (19) 
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0\ and O2 experience the same joint probability distribution since: 

^abcVabc^o ® b jo ® c£j = Tr AB [a io ® b jo Tr c [^ p c ko ]] (20) 

In the same way they can be treated all the cases in which different observers 
assume different input /output labels for systems 5?a, ^b and S?c- Based on 
these arguments it can be seen that analogous results hold for generic exper- 
iments in which an arbitrary number of devices display correlated random 
outcomes. 

3.1 Related work 

The work presented in the previous section has connections with three other 
works by Hardy Oreshkov-Costa-Bruckner [12] and Leifer-Spekkens |13j . 
All these works present formulations of quantum theory in which calculations 
of joint probabilities for sets of outcomes in distinct regions of space can be 
performed with a mathematical formalism that is not sensitive of the causal 
structure imposed to the regions. Note that quantum theory, as is currently 
regarded, is a formalism that is sensitive to what causal structure is imposed 
to different correlated regions. For two devices in two regions of space dis- 
playing correlated random outcomes such that the outcomes on one device 
cause those on the other, we have the following mathematical representation: 
one set of outcomes is represented by a density matrix for a single system 
that is subject to some evolution represented by a linear map; the other set 
of oucomes is represented by a set of positive operators that sum to the iden- 
tity. For two devices displaying correlated random outcomes in two space-like 
separated regions we have indeed the following mathematical representation: 
the two sets of outcomes are represented by two sets of positive operators 
that sum to the identity; a state for the composite system, represented by a 
density matrix for this system, originates the correlations between the out- 
comes. On the other hand the analysis done in this section suggests that this 
may not be the proper way to approach the theory. Indeed, investigating 
more deeply quantum theory from this point of view we have shown that 
the two above mathematical representations are more similar than one could 
expect. 

In what follows we review the works in [TTJ [T2J US]- After this review, we 
discuss how the results presented in this paper may be connected to these 
works. 
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Causaloid 

The motivation for the work in [TT] is to formulate a framework for quan- 
tum gravity. Such a framework should incorporate the radical features of 
both quantum theory and general relativity. The radical feature of quan- 
tum theory is that it is a probabilistic theory. The radical feature of general 
relativity is that, in this theory, causal structure (represented by the metric 
tensor) is not fixed rather it is subject to modifications due to changes in the 
stress-energy tensor representing the energy density of a portion of universe 
(this is basically the physical content of Einstein's equations). The goal is 
then to build a framework for probabilistic theories with indefinite (or non 
fixed) causal structure. Here we will briefly review how quantum theory is 
formulated in this framework. The new mathematical object introduced in 
this work is called causaloid. A causaloid can be defined in a framework 
for probabilistic theories generalizing quantum theory. The causaloid is an 
object that permits to calculate joint probabilities for outcomes happening 
in different regions of space. In order to specify a causaloid we have to 
know (i) the physical theory and (ii) the process that originates correlations 
among the outcomes in the regions of interest. Causaloid specification can 
be accomplished via a method called physical compression of which can be 
distinguished three different levels. A good example to understand first level 
physical compression is to think to a quantum state. A quantum state, by 
definition, is an object containing the information regarding the probabilities 
of all the possible outcomes appearing in all the measurements performable 
on the system in a definite region of space. In principle, to specify this ob- 
ject it should be employed an infinite number of real parameters, namely 
the probabilities for all those outcomes. However it is sufficient to specify 
a restricted number of real parameters in order to specify a quantum state. 
For a qubit for example this number is four. This is an example of how first 
level physical compression is accomplished in quantum theory. Second level 
of compression is related to the way the theory combines quantities pertain- 
ing to two or more distinct regions. Suppose to have two space-like regions 
and two quantum operators A and B referring to these regions. Then the 
operator for the composite region is given by A <g> B. In this case we can 
deduce, from the operator describing the composite region, the operators 
specifying the component regions. Consider indeed two causally adjacent 
regions. The way to combine the operators for the composite region starting 
from the components is A o B. However if we only know the operator for the 
composite region we cannot deduce the operators for the component regions. 
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Hence the number of real parameters that we use to specify A o B is less 
than those we need to specify A and B taken separately. This is compres- 
sion of the second level. Third level of physical compression is introduced 
thinking that every physical process can be "sampled" and all the informa- 
tion regarding a process that an observer could ever obtain is contained in 
quantities pertaining to such sampling regions. Third level of compression 
thus happens considering the reduction in the number of parameters used to 
describe a physical process, for example a quantum operation, with respect 
to the number of parameters needed to specify the process as composed by 
all the sampling regions. 

Causaloid formulation of quantum theory is presented specifying the 
causaloid for a number of interacting qubits since this kind of process is 
universal for quantum computation. Such process is sampled in different 
regions of space R±, ...Rt by T devices Di, D 2 , ... Dy. The operations per- 
formed on the systems by devices Di, D 2 , ... D T are respectively represented 
by quantum operations $ ai , $ Q2 , ..$ QT and are respectively associated to out- 
comes «i, OLi-.-OLt- 

The first level of compression regards each single region R t . We first 
consider that such region involves only one qubit. Every quantum operation 
% at acting on a qubit can be seen as an element of a vector space V t . It 
thus can be expanded as a linear combination of other quantum operations 
forming a spanning set for V t as: 

$a t =£C$, (21) 
h 

where {$z t }£Li is the spanning set for V t (this is called fiducial set). The 
matrix for the elementary region R t given by h}* = is the causaloid for 
first level of compression in region R t . We now need to specify the causaloid 
for regions R x in which two qubits interact. Consider a region, R x , in which 
two qubits, labelled by % and j, interact. Suppose that on these two qubits 
it acts $ ax representing some quantum operation for the system composed of 
the two qubits. $ ax can be written as a linear combination of a fiducial set 
of elements in the vector space where live quantum operations acting on the 
two qubits system. It turns out that the set of product quantum operations 
{$J x . <S> $i ■} where $i xi labels a fiducial set of linearly independent quantum 
operations on qubit i and similarly for j, forms a fiducial set. That is, we 
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can write 

K = £ r ? x i ■$*■«>$/ • (22) 

x ' J l Xl L XJ l Xl b xj > ' 

^xi^xj 

and 

Af"*'"' = rf*, . (23) 

represents first level physical compression for a region i? x in which two qubits 
interact. Now consider second level of physical compression for two causally 
connected regions R t , Rt+i- Choosing, for each region $1 = I (where I is the 
identity) we can write: 



v at+ 



^ = £^70$, (24) 



since the composition of two quantum operations using o is a map on p and 
lives in the same space as a single quantum operation and so we can expand 
the composition in terms of only one fiducial set of linearly independent quan- 
tum operations {%i t }f t=1 . Note that to specify the quantum operations acting 
in the two regions taken separately one needs the coefficients of expansion in 
V t on the fiducial set {$z t }^ = i an d the coefficients of expansion in V t+ i on the 
fiducial set {$j t+1 }^, 1= i- This makes a total of A^ 2 real parameters. In order 
to specify the composite region indeed one only needs A" real parameters as 
is apparent from (J23J. Thus we have a reduction of parameters due to sec- 
ond level physical compression. The causaloid for this second level physical 
compression of those pairs of sequential elementary regions is given by 

A$ t = rtf (25) 

where t' — t + 1. The same technique works when we have any number of 
causally connected regions. Third level physical compression is accomplished 
by reducing the number of parameters required to specify the causaloid for 
all the sampling regions of which the process is composed, to the number 
of parameters required to specify the quantum operation transforming the 
state of the total system from input to output. The causaloid for this param- 
eters reduction is very complicated but in principle it is possible to write it 
down. The process we wanted to describe, i.e. pairwise interacting qubits, is 
thus encodable in a set of matrices relating quantities coming from different 
regions, and on which the physical theory acts with compression of informa- 
tion. The idea of the causaloid formulation of quantum theory is thus to 
substitute physical compression in place of pictures such as states of systems 
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evolving in time that define causal structure in an absolute way. This means 
formulating quantum theory as a probabilistic theory with indefinite causal 
structure. 

Process matrix 

The motivation to introduce the process matrix formulation of quantum 
theory in [12] is to show that, in this framework, they can be defined processes 
in which it is not possible to define a causal ordering for the events involved. 
This is accomplished formulating an inequality for a given game played by 
two parties that must be satisfyied in every situation in which it is possible 
to define causal ordering and showing that such inequality can indeed be 
violated. 

They are considered processes in which two or more parties Alice, Bob, 
Charly ecc. lie in two or more regions of space (or laboratories) A,B,C .. 
and see random outcomes in their respective regions {a}, {&}, {c}.. on which 
it is defined a joint probability distribution from which the outcomes result 
correlated. It is assumed that one party, say Alice, can perform all the oper- 
ations she could perform in a closed laboratory, as described in the standard 
space-time formulation of quantum theory.These are defined as the set of 
quantum instruments with an input Hilbert space l-L Al (the system coming 
in) and an output Hilbert space "H^ 2 (the system going out) (the set of al- 
lowed quantum operations can be used as a definition of "closed quantum 
laboratory" with no reference to a global causal structure). When Alice 
uses a given instrument, she registers one out of a set of possible outcomes, 
labeled by j = l,...,n. Each outcome induces a specific transformation 
from the input to the output, which corresponds to a completely positive 
(CP) trace-nonincreasing map Aif : C(H Al ) — > C(7i A2 ), where C{% x ), 
X = Ai,A 2 , is the vector space of matrices over a Hilbert space H x of 
dimension dx- The action of each Ai A on any matrix a G C(7i Al ) can 
be written as M. A (o) = J2T=i EjkvEj k , m = d A1 d A2 , where the matrices 
E jk : U Al -> H M satisfy ET=i E }k E jk < I A \ Vj. The set of CP maps 
corresponding to all the possible outcomes of a quantum instru- 

L J J j=l 

ment has the property that Y^]=i-M A is CP and trace-preserving (CPTP), 

or equivalently J2]=i J2T=i E jk E jk — I Al , which reflects the fact that the 
probability to observe any of the possible outcomes is unity. A CPTP map 
itself corresponds to an instrument with a single outcome which occurs with 
certainty. In the case of more than one party, the set of local outcomes cor- 
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responds to a set of CP maps Mf, Mf, ■ ■ ■ . A complete list of probabilities 
P (Mf,Mf, ■ ■ •) for all possible local outcomes will be called process. It 
is explicitly considered only the case of two parties P(Mf, Mf). A process 
matrix for two parties is a mathematical object characterizing the most gen- 
eral probability distribution for two sets of random outcomes {i} x {j} corre- 
sponding to CP maps {Mf } x {Mf}. It turns out that the only probabilities 

P (Mf, Mf^j consistent with the algebraic structure of local quantum oper- 
ations are bilinear functions of the CP maps Mf and Mf. Thus the study of 
the most general quantum correlations between two distinct devices reduces 
to the study of bilinear functions of CP maps. Using the Choi-Jamiolkowsky 
isomorphism one can represent CP maps by means of positive semi-definite 
matrices. The CJ matrix M AlA ~ 2 e C(l-L Al ® 1-L A2 ) corresponding to a linear 
map M t : C(H M ) -> C(H M ) is defined as M AlM := [X <g> M t (\(/) + ) (0+|)] T , 
where = £,=i e U M <g> H Al is a (not normalized) maximally en- 
tangled state, the set of states {Ij)}^ 1 ! is an orthonormal basis of % Al , X is 
the identity map, and T denotes matrix transposition. The probability for 
two measurement outcomes P(Mf, Mf) can thus be expressed as a bilinear 
function of the corresponding CJ operators as follows: 

P(Mf,Mf) = tr[W AlA2BlB2 (M AlA2 ® Mf lB2 )\, (26) 

where W AlMBlB2 is a matrix in C{U Al ®U M ®U Bl ®U B2 ). The matrix W 
should be such that probabilities are nonnegative for any pair of CP maps 
Mf, Mf. It is required this to be true also for measurements in which the 
system interacts with any system in the local laboratory, including systems 
entangled with the other laboratory. This implies that W AlAiBlB2 must 
be positive semidefmite. Furthermore, the probability for any pair of CPTP 
maps M A , M B to be realized must be unity (they correspond to instruments 
with a single outcome). Since a map M A is CPTP if and only if its CJ 
operator satisfies M AlM > and tr A2 M AlA2 = I Al (similarly for M B ), we 
can conclude that all bipartite probabilities compatible with local quantum 
mechanics are generated by matrices W that satisfy 

w a 1 a 2 b 1 b 2 > q [ nonnegat ive probabilities], (27) 
tr[W AlA2BlB2 (M AlA2 ® M BlB2 )] = 1, 
VM AlAa , M BlB2 > 0, tr A2 M AlA2 = I Al ,tr B2 M BlB2 = I Bl (28) 
[sum of probabilities is one]. 
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A matrix W AlA2BlB2 that satisfies the above conditions constitutes a process 
matrix. 

We can thus see that also this formalism can be set up to calculate joint 
probabilities for outcomes pertaining to two regions of space using the same 
mathematical rules and the same mathematical object independently of the 
fact that between the regions it is assumed a causal influence or not. 

Quantum conditional state 

In [13] it is invented the formalism of quantum conditional states. Quan- 
tum conditional states are used to formulate a theory of Bayesian inference 
for random variables representing physical observables pertaining to two re- 
gions that have a definite causal relationship. The peculiarity of this theory 
is a tool called star product. Star product permits to perform statistical infer- 
ence for two correlated regions A and B in strict analogy with the ordinary 
theory of probability in which there is no dependence on the causal rela- 
tionship between the regions. Quantum conditional states are divided into 
causal conditional states and acausal conditional states depending on wether 
the correlations of the outcomes in the two regions are due to a causal rela- 
tionship or not. A CPTP map, S^ab from region A to region B, is related to 
an acausal conditional state p\\ B , by means of the Choi isomorphism |14j : 

— Pa\b 

(29) 

where |$ + ) = -^=Z)i K)a' <8> \i)a" an d {K)}i=i is a basis for Hilbert space 
pertaining to the system in region A and A' , A" two copies of the system in 
region A. The rule of belief propagation is used to find the joint state p s AB 
for two systems in space-like separated regions, A and B, starting from the 
prior pertaining to one of the two regions, pa\ this is expressed via the star 
product: 

Pab = Pa* Pa\b = dAy/pA ® Ib Pa\b Vpa ® Ib (30) 

The star product used here involves also a normalization factor d^ that can- 
cels with the factor l/d,A arising from the definition of conditional state 
involving |$ + ). The map S?ab is related to a causal conditional state p A ^ B 
by means of the Jamiolkowsky isomrphism [15] : 

STab <* [J?a> ® ^a»b(\<5> + )(<5> + \)] Ta ' = Pa\b (31) 

where Ta ' denotes partial transposition on Hilbert space of system A 1 pertain- 
ing to region A. The rule of belief propagation is used to find the joint state 
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p AB for two systems in two causally related regions A and B (or equivalently 
for one system at two different times) starting from the prior pertaining to 
region A, p&. This is expressed with the star product as above: 

Pab = Pa* Pa\b = d A\[f? A ® 1 b P 1 a\ b \[f?A ® 1 b (32) 
where T denotes transposition. 

Causaloid, process matrix and quantum conditional state are three differ- 
ent ways of expressing the concept that it is possible, using objects derived 
from quantum theory, to find mathematical formalisms to calculate joint 
probabilities of outcomes displayed in distinct regions of space such that the 
formalism is insensitive of the particular causal structure imposed to the re- 
gions. This is achieved through the definition of a single mathematical object 
(causaloid process matrix and quantum conditional state in the three cases re- 
spectively) to perform probability calculations for both types of experiments 
involving correlations that have a causal origin and involving correlations for 
space-like separated regions. Our work shows that the standard formalism 
of quantum theory itself can be seen as such a formalism. For example, the 
operator defined as 2T p in OH]), i.e. the evolution by means of map of 
ensemble p, has a lot of analogies with a process matrix. Indeed they both 
represent a way to calculate joint probabilities for outcomes happening in dif- 
ferent regions of space that is insensitive to what causal structure is assumed 
for the regions. This is because the operator tab establishing correlations 
for outcomes in space-like separated regions is a mathematical object of the 
same nature of 3T p (being simply its partial transposition). The main differ- 
ence between the situation depicted in the previous section and the process 
matrix formalism is that in the former case, outcomes are represented by 
POVM elements while in the latter case they are represented by quantum 
operations. Hence we could regard 2F p as a process matrix for POVM ele- 
ments. There are even more strict similarities with the work in [13J. To see 
this note that tab in (fl2l is simply p s AB in (130]) while 3? p in (jUj) is p AB in 
(132]) . Relationships of the work in [11] with the work presented here (as with 
the other two works) are less explicit. The work in [TT] has the remarkable 
feature of being formulated in a general probabilistic framework. To achieve 
such generality it becomes necessarily more abstract and the formulation 
of quantum theory in this framework suffers of such abstractness. The main 
idea of the causaloid is however clear and this is that embedding probabilistic 
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physical processes in space-time (hence giving to probabilistic events a causal 
structure) is, from an informational/operational point of view, an instance 
of compression of information. The starting point to reach this conclusion 
is that causal structure and space-time in physics may not be regarded as 
something really existing in an objective way. Indeed this is very close to the 
starting point we adopted in the previous section and to the idea that causal 
structure of probabilistic outcomes is an observer dependent property. 

3.2 Two principles for quantum theory 

The work presented here, compared to those reviewed above, has, in our opin- 
ion, a deeper foundational value since it poses a new physical principle, the 
observer dependence of causal structure, as a foundational principle for quan- 
tum theory. This is achieved recognizing the equivalence of input/output 
structure and causal structure and showing that the mathematical formal- 
ism of quantum theory is consistent with the assumption that input/output 
structure is an observer dependent property. 

We can thus summarize the work done in this section saying that quantum 
theory is consistent with the two following principles: 

Principle of causality The input/output structure of the de- 
vices involved in a quantum experiment defines the causal struc- 
ture of the outcomes happening on those devices. 

Principle of relativity of causal structure Two observers 
looking at a given quantum experiment and assuming a different 
causal structure for the outcomes involved in the experiment can- 
not become aware of differences in their respective probabilistic 
predictions. 

In the next section, the principle of relativity of causal structure will 
be compared with the role causal structure plays in general relativity. In 
particular it is argued that the situation in general relativity is somewhat 
opposite to the one outlined above. This is the case since, in general relativity, 
whether two events in two distinct regions of universe are space-like or not 
is determined by the metric that, in turn, is related to the stress energy 
tensor via Einstein's equations. This implies that in general relativity causal 
structure depends on a (in principle) measurable physical quantity, energy 
density, and cannot be regarded as an observer dependent property. 
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4 Causal structure in general relativity 



In this section we briefly examine the role causal structure of events has in 
general relativity. The main equations of general relativity are Einstein's 
equations relating the metric of a portion of space-time manifold describing 
a given portion of universe with the mass/energy content of that portion of 
universe. They are often expressed in the following compact form [T6] : 



G^ u — kT^ u (33) 

On the r.h.s. k is a constant and T^ v is the stress-energy tensor; on the l.h.s 
G^u is the Einstein's tensor and has the following expression: 

G^ u = - ^Rg^u + Ag^ u (34) 

where g^ v is the metric, is the Ricci tensor, R is the Ricci scalar and A 
is the cosmological constant. On a manifold, (M, g), a geodesic is a path 
x M (A) characterized by the following equation [TBI IT?]: 

d 2 x fl dx p dx a , . 

In the above equation T^ a are the coefficients of the Levi-Civita connection 
associated to the metric of the manifold (in general one can use any connec- 
tion but in general relativity it is used only the Levi-Civita one). This is 
written as follows: 

= \g pa {d,g va + d v g alt - 8 a g, u ) (36) 

where d x denotes partial derivative, g xy is the metric and g xy is its inverse. 
Equation ( 135|) can be interpreted as the vanishing of the covariant derivative 
of x M along the path x M (A). This means that any vector on x M (A) is trans- 
ported parallel to itself along this path. The tangent vector to a point of 
the geodesic describes an interval between two points in the tangent space. 
If the manifold is a solution of Einstein's Equations, such interval can be 
time-like, null or space-like depending on the norm of the vector. Since a 
geodesic describes a path along which a tangent vector of the manifold is 
parallel transported, we have that if the tangent vector on a given point of 
the geodesic is time-like, null or space-like, the tangent vector on any other 
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point of the geodesic will preserve this property. From this, one interprets 
geodesies where the tangent vector is time-like or null as paths followed re- 
spectively by freely falling material particles or photons. On the other hand 
if the tangent vector is space-like, then there is no physical system that can 
follow the path corresponding to the geodesies. From this fact we can state 
that, in general relativity, given two points in space-time x a , x^, pertain- 
ing to two different regions of universe Ra, Rb respectively, it can exist a 
causal relationship between them (namely it is possible for a material or light 
particle to start at x a and cause an effect at Xb) if the two points lie on a 
time-like or null geodesic. On the other hand it cannot exist a causal rela- 
tionship between the two points if they lie on a space-like geodesic. From 
( 155|) and (1551) we see that, in last analysis, the metric tensor is the object 
characterizing geodesies. This together with Einstein's equations imply that 
the stress-energy tensor representing the energy density in a given portion 
of universe establishes whether between two space-time points it can exist a 
causal relationship. 

According to general relativity we thus have that the existence (or non 
existence) of a causal relationship between two events depends on the energy 
density of the portion of universe in which the events happen and thus on 
an objective physical quantity. This means that causal structure in general 
relativity should (in principle) be inferred in an objective way by whatever 
observer by means of energy density measurements. We used the conditional 
because it is well known that, on large cosmological scales, to explain at best 
observational data it must be introduced dark energy and this poses various 
problems from the theoretical point of view. In the following section we will 
briefly review these problematic issues. After that we will discuss the possible 
relationship that could exist between these problems in general relativity 
and the fact that causal structure in quantum theory may be regarded as an 
observer dependent property. 

5 Dark energy 

In this section we first give a brief review on dark energy. This material 
is mostly taken from a review on the subject done by Carroll [18]. We 
then discuss the conclusions reached in this review in relationship with the 
observer dependence of causal structure for outcomes happening in quantum 
experiments. 
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The standard assumption in cosmology is that universe is homogenous 
and isotropic. Since in general relativity, universe is described by a manifold 
M, these two assumtpions translate into formal statements regarding the 
geometry of M. Homogeneity means that given two points p, q in M there 
exists an isometry that takes p into q. Isotropy means that given a point p in 
M, for any two vectors v and w in T p M, there exists an isometry such that 
the pushforward of w under the isometry is parallel to v. Since the universe 
is not static, we infer that it is homogeneous and isostropic in space but not 
in time. This and the above assumptions imply that the universe can be 
foliated in space-like slices such that each slice is homogeneous and isotropic. 
Based only on these considerations it can be shown [TS1 [T7] that the metric 
of the universe must have the following form: 



where a(t) is the scale factor and da 2 (k) is a metric for three space which 
depends on the curvature parameter k. The metric in fl37j) is called the Fried- 
mann Robertson Lemaitre Walker (FRLW) metric. Note that Einstein's 
equations are not taken into account to derive (13"T|) since its derivation is 
based on purely geometrical arguments. Einstein's equations are used to 
find the functional form for a(t). In order to do so it must be made the as- 
sumption that matter and energy on large cosmological scale can be modelled 
as a perfect fluid and it is choosen an equation of state relating pressure p to 
matter and energy density p of the type p = wp with w constant. Putting 
the metric in (j37p into Einstein's equations and using the above assumption 
leads to write Friedman equations [TU [17], i.e. a set of differential equa- 
tions establishing the evolution of scale factor in relationship with curvature, 
pressure and energy density: 



ds 2 = -dt 2 + a 2 (t)da 2 (k) 



(37) 
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(39) 



The quantity on the l.h.s of (|39|) is the square of the Hubble parameter H = - 
and can be used to define the value of the critical density: 



3H 2 



(40) 
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The critical density is the value of energy density solving Friedman's equa- 
tions for zero spatial curvature, i.e. for a flat universe. Exploiting p c one can 
define the density parameter Q = y by means of which ( 139]) can be written 
as: 

n - 1 = iS? (41) 

This shows that whether k = +1,0,-1 depends on the magnitude of the 
actual (i.e. observed) energy density p with respect to critical density p c . If 
Q <1 then k < and the universe is described by a three dimensional man- 
ifold with constant negative curvature. On the contrary, if Q > 1 then k > 
and the universe is decribed by a three dimensional manifold with constant 
positive curvature (the analog in three dimension of a sphere). Finally = 1 
implies k = and describes a flat universe the associated manifold being 
simply a three dimensional euclidean space. 

There are three forms of energy density usually considered. The first is 
called dust pd and is composed of non relativistic matter whose pressure is 
negligible with respect to its energy density. The second is called radiation 
p r and is composed of photons and other relativistic particles moving ap- 
proximately at the speed of light. The third is dark energy p^ coming from 
the introduction of the cosmological constant in Einstein's equations. There 
are strong evidences [IE] that the amount of total energy density p due to 
dust is negligible with respect to the amount due to matter (p m /Pd = 10 6 ). 
We thus say that we live in a matter dominated universe and the relevant 
contributions to total energy density come from pd and p\. 

Observations of the dynamics of galaxies and clusters have shown that 
a reasonable value for the density parameter referring to pd, is Qd — 0.3 ± 
0.1 [19J. On the other hand observations of the anisotropics of the cosmic 
microwave background are consistent with a nearly spatially flat universe 
|19J . Thus we infer fl « 1. This implies that the amount of p\ to the 
total energy density is such that fl\ ~ 0.7. Measurements of the distance vs. 
redshift relation for Type la supernovae j2(Jl El] have provided evidences that 
the universe is accelerating i.e. that a > 0. Since conventional matter could 
not make the universe expansion accelarate it is inferred that the component 
of the energy density that is responsible for such acceleration is p\. The most 
natural candidate component of energy density for p\ is the vacuum energy 
p v . This is corroborated by the following argument. Let us write (13T?|) as: 

a 2 = -—a 2 p - k. (42) 
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If the universe is expanding, then p d must necessarily decrease as the particle 
number density is diluted by expansion, so pd oc a~ 3 . Hence the right-hand 
side of ( 142]) will be decreasing in an expanding universe (since a 2 p is decreas- 
ing, while k is a constant), hence the derivative of a should be negative if one 
only takes into account the contribution of pd- The supernova data therefore 
imply that, to make the universe accelerate, there must be a source of energy 
density that varies more slowly than a 2 p i.e. more slowly than aT 2 . Since 
the distinguishing feature of vacuum energy is that it is a minimum amount 
of energy density in any region, strictly constant throughout spacetime, the 
slow variation of p\ corroborates the statement that vacuum energy be the 
source of energy density making the expansion of universe accelerate. To 
match the data, it is required a vacuum energy: 

p v » (l(T 3 eV) 4 = 10- 8 ergs/cm 3 (43) 

It is not possible to reliably calculate the expected vacuum energy in the 
universe, or even in some specific field theory such as the Standard Model of 
particle physics; at best they can be evaluated order-of-magnitude estimates 
for the contributions from different sectors. These estimates lead to the 
following value: 

^(theory) _ ^q27 e y)4 = ^112 ergs / cm 3 _ (44) 

This value is 120 orders of magnitude (30 if we change units of measurement) 
greater than the value in ( H3|) . Such a huge discrepancy with observational 
data implies that the source of energy density responsible for the expansion 
of universe, p\, should be something different from the vacuum energy. This 
is known as the cosmological constant problem. 

As already told the actual model for the universe has Qa = 0.7 and 
Qd = 0.3 but the relative balance of dark energy and matter changes rapidly 
as the universe expands: 

o, 

oc a 3 (45) 



Pd 

This is due to the facts pointed out above, namely, that p\ should be almost 
constant while pd oc a~ 3 . As a consequence, at early times of the universe's 
expansion, dark energy was negligible in comparison to matter and radiation, 
while at late times matter and radiation are negligible. There is only a brief 
epoch of the universe's history during which it would be possible to witness 
the transition from domination by one type of component to another. On 
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the other hand, from the fact that £7a — 0.7 and = 0.3 we conclude 
that we actually live in such a transitional period. It seems remarkable that 
we live during the short transitional period between those two eras. The 
approximate coincidence between matter and dark energies in the current 
universe is called the coincidence problem. 

Inferring the existence of a source of energy different from ordinary matter 
or radiation to explain observational data in cosmology is not, on its own, a 
conceptual problem. Problems arise because it is not possible to explain the 
origin of this source of energy in a scenario that is logically consistent with 
the current physical knowledge. Thus, the problematic issues of inferring the 
existence of dark energy lie in the fact that this inference leads to logical in- 
consistencies such as the cosmological constant problem and the coincidence 
problem. 

In general relativity, the metric encodes the information regarding the 
causal structure of space-time events. Since the metric tensor is determined 
by energy density via Einstein's equations and this is a physical quantity 
that has an objective value, we have that causal structure in general rela- 
tivity is an objective property. On the other hand, in section [3] we showed 
that in quantum theory, causal structure of events happening in experiments 
is an observer dependent property. This is the case since there is no way 
to physically distinguish whether two sets of probabilistic events happen in 
two causally related regions or in two space-like separated regions. Hence 
the situation in quantum theory is somewhat opposite to that of general 
relativity. Current observations of the universe at large cosmological scale 
(such as redshifts in spectra emitted from far away galaxies and clusters) 
are interpreted according to general relativity and this leads to several con- 
ceptual problems (two of which are reported above). It is remarkable that 
these difficulties in general relativity are encountered in quantifying sources 
of energy density that should justify the presumed flat metric (k = 0) of the 
universe. This is as saying that these difficulties arise when we try to relate 
a physical objective quantity, energy density, to the metric tensor, encoding 
the information on the causal structure of space-time events. Hence when we 
try to determine causal structure of space-time events as if it was objectively 
established. These facts suggest that elevating the principle of relativity of 
causal structure to a universal principle could be connected to the problem of 
dark energy. Indeed, if dark energy was not necessary to explain cosmological 
observations and we could estimate the sources of energy responsible for the 
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inferred dynamics of the universe, then, in principle, two observers could not 
assume different perspectives regarding the existence of a causal connection 
between two regions of universe since this would be absolutely defined by 
energy density measurements. Elevating the principle of relativity of causal 
structure to a universal principle thus poses dark energy not as a conceptual 
problem but as an essential ingredient of our current understanding of the 
universe. However, in doing this, it should be faced the deepest problem of 
searching a theory of gravity completely different from general relativity that 
possibly reduces to general relativity in appropriate limits. 

6 Conclusions 

Quantum theory is an extraordinarily successful theory and still lacks a 
clear physical explanation. Moreover, the absence of any experiments linking 
quantum theory with the geometry of space-time leaves physicists with the 
consciousness that something is missing in our current understanding of na- 
ture at a fundamental level. This has renewed efforts in finding foundational 
principles for quantum theory in order to find a more general theory. 

In this paper it is analyzed the interplay between causal structure of 
space-time events and the probabilistic nature of quantum theory. This anal- 
ysis leads us to state two principles that can be put as foundations of quantum 
theory: 

Principle of causality The input/output structure of the de- 
vices involved in a quantum experiment defines the causal struc- 
ture of the outcomes happening on those devices. 

Principle of relativity of causal structure Two observers 
looking at a given quantum experiment and assuming a different 
causal structure for the outcomes involved in the experiment can- 
not become aware of differences in their respective probabilistic 
predictions. 

Since the only thing that can be predicted and physically verified in quan- 
tum theory are probabilities, the last principle suggests that causal structure 
of outcomes happening in quantum experiments is an observer dependent 
property. This principle could be a guiding principle to construct a theory 
of quantum gravity for the following reason. Quantum theory and general 
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relativity are both successful and problematic in different and somewhat 
opposite aspects. On one hand quantum theory is extremely successful in 
making predictions. Until now, no experimental situation has been found in 
which the predictions of quantum theory are not satisfied. However there 
are still difficulties, after almost 90 years from its birth, to understand its 
physical meaning. On the other hand general relativity is not completely sat- 
isfactory in making predictions at large cosmological scales. This is related 
to the need to introduce dark energy to explain observational data. General 
relativity is, by the way, founded on two extremely clear and intuitive physi- 
cal principles, namely, the Einstein's principles of relativity and equivalence. 
It is then likely that a theory more fundamental than the ones we have at the 
moment will come from a physical principle that can be put as foundation of 
quantum theory on one hand and that can motivate the need to introduce 
dark energy to explain observational data at large cosmological scales on the 
other hand. The principle of relativity of causal structure is indeed such a 
principle as we discussed in the previous section. If dark energy was not 
necessary to explain cosmological observations, and we could estimate the 
sources of energy responsible for the inferred dynamics of the universe, then, 
in principle, two observers could not assume different perspectives regarding 
the existence of a causal connection between two regions of universe since 
this would be absolutely defined by energy density measurements. Elaborat- 
ing a theory of quantum gravity starting from the conclusions of this work 
is an extremely hard task and its success is far from being certain. The 
main motivation to try to formulate a new theory according to the above 
principle is that, as far as we know, the most plausible proposal for a source 
of dark energy is the assumption of a "cosmic aether" permeating all space 
whose origin is unknown [22] • Clearly this cannot be satisfactory since we 
are forcing new physical degrees of freedom, motivated only by the fact that 
the current model of universe and the theory underlying it do not properly 
explain observations. 
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